COMPARISON OF FUNDAMENTAL GROUP SCHEMES OF A 
PROJECTIVE VARIETY AND AN AMPLE HYPERSURFACE 



INDRANIL BISWAS AND YOGISH I. HOLLA 

Abstract. Let A" be a smooth projective variety defined over an algebraically closed 
field, and let L be an ample line bundle over X. We prove that for any smooth hy- 
persurface I? on A in the complete linear system the inclusion map D X 

induces an isomorphism of fundamental group schemes, provided d is sufficiently large 
and dim A > 3. If dim A = 2, and d is sufficiently large, then the induced homomor- 
phism of fundamental group schemes remains surjective. We give an example to show 
that the homomorphism of fundamental group schemes induced by the inclusion map of 
a reduced ample curve in a smooth projective surface is not surjective in general. 



1. Introduction 

Let X be a projective variety defined over an algebraically closed field k. Let D be a 
reduced ample hypersurface in X. If X is normal, and dimX > 2, then it is known that 
the induced homomorphism of etale fundamental groups 

7ri(L',Xo) — > 7ri(X,Xo) 

is surjective; here xq is any /c-rational point of D. If X is smooth with dimX > 3, then 
from Grothendieck's Lefschetz theory it follows that the above homomorphism of etale 
fundamental groups is an isomorphism (see |Gr^ Expose X]). 

When the characteristic of k is positive, Nori constructed an invariant of X which 
is finer than the etale fundamental group 7ri(X, xq) |No1] . He calls this invariant the 
fundamental group scheme of X. 

To describe the fundamental group scheme, we first recall that the etale fundamental 
group 7ri(X, xq) coincides with group scheme associated to the Tannakian category defined 
by all vector bundles E over X with the following property: there is a finite etale Galois 
cover y of X such that the pull back of to F is trivializable. The fiber functor for this 
Tannakian category sends E to its fiber E^^. The fundamental group scheme is the group 
scheme associated to the Tannakian category defined by all vector bundles E over X with 
the following property: there is a principal bundle Y — > X over X with a finite group 
scheme as the structure group scheme such that the pull back of ii^ to F is trivializable. 
Note that if the characteristic of the base field k is zero, then the fundamental group 
scheme coincides with the etale fundamental group. 

The fundamental group scheme of X with xq as the base point is denoted by 7r(X, xq). 
Comparing the above definitions of vri(X, xq) and 7r(X, xq) it follows that there is a canon- 
ical surjective (faithfully flat) homomorphism from 7r(X, xq) to 7ri(X, xq). The kernel of 
this surjective homomorphism 7r(X, xq) — > 7ri(X, xq) is a local group scheme. 
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Although in the case of positive characteristics the group scheme n{X, xq) can be larger 
than 7ii{X, xq), the fundamental group scheme continues to share some of the basic prop- 
erties of the etale fundamental group. Our aim here is to investigate the relationship 
between 7r{D,xo) and n{X,xo), where D C X is an ample hypersurface. 

We first give an example of a pair (X , D), where X is a smooth projective surface and 
D a reduced ample curve in X, such that the natural homomorphism 

n{D,Xo) — > vr(X,a;o) 

is not surjective. This example is based on the fact that the Kodaira vanishing theorem 
may fail in positive characteristics. More precisely, given an ample hypersurface D ^ X 
with dimX > 2, the induced homomorphism 

7r(D,Xo) — > vr(X,Xo) 

fails to be surjective whenever H^{X, Ox{—D)) ^ 0. 

On the other hand, the following theorem shows that the above homomorphism between 
fundamental group schemes behaves like the homomorphism between etale fundamental 
groups if D is sufficiently positive. 

Theorem 1.1. Let X he a smooth projective variety defined over an algebraically closed 
field and L an ample line bundle over X. 

(1) Assume that dimX > 2. There is an integer di{X, L) such that for any smooth 
divisor D G jL®"'!, where d > di{X,L), the natural homomorphism between 
fundamental group schemes 

(1.1) p : n{D,Xo) — > vr(X,a;o) 

is surjective (faithfully flat), where Xq is any k -rational point of D. 

(2) Assume that dimX > 3. There is an integer d2{X, L) such that for any smooth 
divisor D G \L'^'^\, where d > d2{X,L), the homomorphism p in Eqn. (11.11) 
is a closed immersion. (So combining with statement (1) it follows that p is an 
isomorphism if d > di{X , L) , d2{X , L) . ) 

An effective estimate of the constant di{X,L) in Theorem 11.1( 1) is given in Theorem 
13. 5[ An effective estimate of the constant d2{X,L) in the second part of the theorem is 
described in Remark [5.31 

The first part of the above theorem is proved in Theorem 13.51 and the second part is 
proved in Theorem 15. 1[ 

In Section [2l the earlier mentioned example is constructed. In Section HJ some results 
needed in the proof of Theorem 15.11 are established. 

2. An EXAMPLE 

Let k be an algebraically closed field. Let Fk be the Frobenius homomorphism of 
the field k. Let X be a variety defined over k. We then have the geometric Frobenius 
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morphism 

Fx : X FIX. 

Note that since the field k is perfect, the variety F^X is isomorphic to X. For notational 
convenience, we will denote the iterated pull back by X itself, where n is any 

positive integer. With this notation, the n-fold iteration of the geometric Frobenius 
morphism 

F^-.X—. {Firx 

will be considered as a morphism from X to X. We will use this convention throughout 
in the manuscript. 

Definition 2.1. A vector bundle E over X will be called an F-trivial vector bundle if 
there is a nonnegative integer m such that the vector bundle {F^)*E is isomorphic to a 
trivial vector bundle over X. 

Let X be a projective variety defined over k. For any fc-rational point xq G X, the 
etale fundamental group of X with xq as the base point will be denoted by 7ri(X, xq). 

Let D G X he a reduced ample hypersurface in X. If we have dimX > 2 with X 
normal, then from Grothendieck's Lefschetz theory, |Grl Expose X], it follows that for 
any fc-rational point Xq G -D, the natural homomorphism 

(2.1) pi : ni{D,Xo) — > 7ri(X,a;o) 

is surjective. To prove that pi is surjective, take any connected etale Galois cover 

(f) : X — ^ X. 

Since X is normal, we conclude that X is irreducible. As the divisor is reduced and ample, 
the inverse image (j)~^{D) is also a reduced and ample hypersurface in X. Therefore, 
we know that (f)~^{D) is connected (see |Hat page 79, Corollary 6.2] and |Hal page 64, 
Proposition 2.1]). This immediately implies that the homomorphism p in Eqn. (12. ip is 
surjective. 

For any fc-rational point xq of D, the fundamental group scheme of X (respectively, 
D) with xo as the base point will be denoted by 7i{X,xo) (respectively, tt{D,xo))] the 
fundamental group scheme was introduced in [Nolj . |No2j . 

Let 

(2.2) p : 7r(D,Xo) ^ 7v{X,Xo) 

be the homomorphism of fundamental group schemes induced by the inclusion map D ^ 
X. Our aim in this section is to give an example of a pair (X , D), where D is an ample 
reduced curve on a smooth projective surface X, for which the homomorphism p in Eqn. 
(12. 2p is not surjective. This is in contrast with the situation for etale fundamental groups. 

Assume that the characteristic of the field k is positive. In [Raj, Raynaud constructed a 
pair {S ,C), where S* is a smooth projective surface and C a reduced ample hypersurface 
on S, such that 

(2.3) H\S, Osi-C)) ^ 0. 
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It may be noted that the Kodaira vanishing theorem says that H^{X', Ox'{—D')) = 
for any ample divisor D' on a smooth projective surface X' defined over an algebraically 
closed field of characteristic zero. 

For our example, set X = S, and take D to be the divisor C on S* in the above 
mentioned example {S ,C) of [Raj . 

We consider the natural short exact sequence of sheaves 

Oxi-D) Ox Od 

on X. Let 
(2.4) 

H\X, Ox) = H\D, Od) ^ H\X, Ox{-D)) H\X, Ox) ^ H\D, Od) 

be a segment of the long exact sequence of cohomologies corresponding to this exact 
sequence of sheaves. Take any nonzero element 

(2.5) c G H\X, Ox{-D))\{Q} 

which exists by Eqn. (12. 3p . Therefore, the cohomology class c gives a non-split exact 
sequence of vector bundles 

(2.6) — > Ox — > W ^ Ox{D) — > 
over X. 

Set 

(2.7) a := 7(c) G H\X, Ox)\{0}, 

where 7 is the homomorphism in Eqn. (12. 4p and c is the element in Eqn. (12. 5p . Let 

(2.8) — > Ox — > V — > Ox — > 

be the nontrivial extension corresponding to the cohomology class a defined in Eqn. (12. 7p . 
So we have V = tp~^{Ox), where ip is the projection in Eqn. (12. 6p . 

Since 

5{a) = 5(7(c)) = 0, 

where 5 is the homomorphism in Eqn. (12. 4p . we conclude that the restriction of the vector 
bundle V to D splits as 

(2.9) V\d = Od®Od. 

Let Fx '■ X — > X be the Frobenius morphism. For any positive integer n, let 

n-times 

:= 'Fxo-^--oFx : X — > X 

be the n-fold iteration of the self-morphism Fx- By F^ we will mean the identity 
morphism of X. 

Lemma 2.2. There is a positive integer n such that the vector bundle {Fx)*V over X is 
isomorphic to Ox ® Ox, where V is the vector bundle constructed in Eqn. (12.81) . 



FUNDAMENTAL GROUP SCHEME AND AMPLE HYPERSURFACE 5 

Proof. For any morphism / : Y — > X, consider the short exact sequence of vector 
bundles over Y 

rox = oy rv rox = oy 

obtained by pulhng back the exact sequence Eqn. (12.81) . The cohomology class in 
H^{Y, Oy) corresponding to it coincides with 

ra e H\Y, rOx) = H\Y, Oy) , 

where a is defined in Eqn. (12. 7p . Let 

(2.10) h : H\Y, Oy{-f-\D))) H\Y, Oy) 
by the homomorphism obtained from the exact sequence 

— ^ Oy{-r\D)) ^ Oy ^ Of-i^n) 0. 

From the definition of a it follows that 

(2.11) ra G h{H\Y,Oy{-f-\D)))), 

where h is the homomorphism in Eqn. (12.101) . Indeed, the identity f*a = h{f*c) holds, 
where c is the cohomology class in Eqn. (12. 5p . 

We set f := : X — ^ X. Then 

(2.12) r\D) =p^D, 

where p is the characteristic of the field k (which is positive by our assumption). 

Let Kx denote the canonical line bundle of X. Since D is an ample divisor on X, and 
dimX = 2, we have 

H\X, Ox{-jD)) = H\X, Kx<^Ox{jD)y = 

for all j sufficiently large |EGA3l page 111, Proposition 6.2.1], where the first isomorphism 
is the Serre duality. Therefore, using Eqn. (I2.12p we conclude that 

H\X, Ox{-r\D))) = 

for all m sufficiently large, where / = F^. Consequently, from Eqn. (12.111) it follows 
that {Fx)*C( = for all m sufficiently large. Hence the exact sequence 

— > Ox — > {F^)*V — y Ox — ^ 

obtained by pulling back the exact sequence in Eqn. (12. 8p using Fjp splits for all m 
sufficiently large. This completes the proof of the lemma. □ 

We will now prove a proposition from which it will follow that the vector bundle V in 
Eqn. (12. Sp is essentially finite; see |Nolt page 38] for the definition of essentially finite 
vector bundles. 

Proposition 2.3. Let M be a projective variety defined over an algebraically closed field 
k. Let E be a vector bundle over M with the following property. There is an etale Galois 
covering 

/3 : M — y M 
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such that the vector bundle (3*E over M is F -trivial (see Definition \2.1\} . Then E is an 
essentially finite vector bundles. 

Proof. Let r denote the rank of E. Let n be a positive integer such that the vector bundle 
{F~)*(3*E is triviahzable, where 

: M M 

is the Frobenius morphism. 

Consider the exact sequence of group schemes 

pn 

e kernel(FSL(,_,)) GL(r,A;) ^'^^ GL(r, A;) ^ e, 
where -FGL(r,fc) '■ GL(r, /c) — > GL(r, A;) is the Frobenius morphism. Let 

(2.13) H^(m, kernel (F5L(,fc))) — > H\M, GL{r,k)) ^ H\M, GL{r,k)) 

be the exact sequence of pointed sets obtained from this short exact sequence. 

For any principal G-bundle Eq over M, where G is an algebraic group defined over 
k, the pull back F—Eq is identified with the principal G-bundle over M obtained by 
extending the structure group of Eg using the Frobenius morphism Fq : G — > G |RRl 
287, Remark 3.22]. Using this, together with the fact that {F~)*P*E triviahzable, we 

conclude that the element a G H^{M, GL(r, fc)) corresponding to {F~)*j3*E has the 

property that (j){a) is the base point in H^{M, GL(r, k)) (the point corresponding to the 
trivial GL(r, A;)-bundle), where is the map in Eqn. fl2.13p . 

This implies that the vector bundle l3*E is associated to a principal bundle over M 
with the finite group scheme kernel^F^^^^ j^-^) as the structure group scheme. Since /5 is 
an etale Galois covering, from this it follows that the vector bundle E is associated to 
a principal bundle over M with the finite group scheme as the structure group scheme. 
Consequently, the vector bundle E is essentially finite [Nolt page 38, Proposition 3.8]. 
This completes the proof of the proposition. □ 

Using Proposition 12.31 from Lemma 12.21 it follows that the vector bundle V in Eqn. 
(12. 8p is essentially finite. The vector bundle V, being essentially finite, corresponds to 
a representation of the fundamental group scheme n{X,xo), where Xq is any /c-rational 
point of X. The fundamental group scheme is defined in [Noll page 40]. 

Consider the two essentially finite vector bundles over X, namely V and Ox®Ox- Since 
is a nontrivial extension of Ox by Ox, these two vector bundles are not isomorphic. 
On the other hand, Eqn. (12.91) says that their restrictions to D are isomorphic. 

Consequently, we have two non-isomorphic representations of '7r(X, xq), namely V and 
Ox® Ox, with the following property: when these two are considered as representation of 
7r(D,xo) using p in Eqn. (12. 2p . then they become isomorphic representations of 71(0, xq). 

From this it follows immediately that the homomorphism p (defined in Eqn. (12. 2p ) for 
this pair {X ,D) is not surjective. 
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Remark 2.4. Let X be a projective variety of dimension at least two. Let D C X be 
an ample hypersurface such that H^{X, Ox{—D)) 7^ 0. Then the above arguments show 
that the induced homomorphism tt{D,xo) — > 7i{X,xo) is not surjective. See |Ek[ page 
120, Proposition 2.14] for further examples of such pairs {X , D). 

Remark 2.5. Consider the vector bundle W in Eqn. (12.61) . We note that Ci{W) = D 
and C2{W) = 0. Since D is an ample divisor, we know that > 0. Therefore, 
Ciiwy > 4:C2{W) = 0. In other words, the vector bundle W violates the Bogomolov 
inequality condition. However the vector bundle W is semistable |Mut pages 251-252]. 
More precisely, in |Mut pages 251-252] Mumford shows that if W is not semistable, then 
the exact sequence in Eqn. ( 12.60 splits. Hence W provides a counter-example to the 
Bogomolov inequality for positive characteristic. 

3. Fundamental group scheme and hyperplane section 

Let k be an algebraically closed field of characteristic p, with p > 0. 

Let y be a smooth projective variety defined over k. Fix an ample line bundle L over 
Y to define degree of coherent sheaves on Y. Let 

Fy : Y — > Y 

be the Frobenius morphism of Y. 

Take any vector bundle E over Y. We will briefly recall the definition of Ly^axiE) (see 
|Lal page 257]). For any positive integer m, let 

= Em,0 C Em,l C ■ ■ ■ C Em,a{m)-1 C Em ,a{m) 

be the Harder-Narasimhan filtration of the vector bundle {FyYE for the polarization L 
on y. It is known that for any sufficiently large m, we have 

(3.1) Em+n,l = {F^YEm,l 

for all n > |Lal page 259, Claim 2.7.1]. Consequently, 

degree (E^,i) ^ ^ 
p"" ■ Tank{Em,i) 

is independent of m as long as m is sufficiently large. This well-defined rational number 
p^^rInk{E^l) ' where m is sufficiently large, is denoted by L^s.x{E). 

A torsionfree coherent sheaf ii^ on F is called strongly semistable if [FyY^ is semistable 
for all m > 0. 

Lemma 3.1. Let E and E' be vector bundles over Y such that L^a_y,{E) + L^g_y,{E') < 0. 
Then 

H'^iY, E(g)E') = 0. 

Proof. From Eqn. (13.11) it follows immediately that Em,i is strongly semistable for all 
m sufficiently large. Since the torsionfree part of the tensor product of any two strongly 
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semistable sheaves is again strongly semistable [RRi page 288, Theorem 3.23], we conclude 
that 

fir^UiF^TiE^E')) = fi^^,{{F^yE)+fi^,,{{F^rE') = {L^^E) + L^^^E')) < 
for all m sufficiently large. Consequently, 

i/°(y, {F^y{E®E')) = 

for all m sufficiently large. This immediately implies that 

H\Y, E®E') = 0, 

and the proof of the lemma is complete. □ 

The cotangent bundle of Y will be denoted by Qy- 

Lemma 3.2. Let r be any integer satisfying the condition r ■degree(L) > Lmax(^y)- Let 
E be any essentially finite vector bundle overY. Then 

H%Y, E^ny^iL*)^') = 0, 

where L* is the dual of L. Moreover, if r ■ degree(L) > p ■ Ljnax(^y) then we have 

H\Y, E ® F*ny ® (L*)®'-) = . 

Proof. Since any essentially finite vector bundle is strongly semistable of degree zero [Nol[ 
page 37, Corollary 3.5], we conclude that L^i,^{E) = 0. Therefore, we have 

L^,,{E) + L^,,{Qy ^ {LTl = L^U^y {LTl = i.max(^^y) - r ■ degree (L) < 0. 

Hence from Lemma O it follows that H°{Y, E ® Qy ® (L*)®'') = 0. 

The second part of the lemma follows similarly using the fact that Lmax(-^y^y) = 
P ■ -f'max(^y)- This completes the proof of the lemma. □ 

Lemma 3.3. Let D G Y be a smooth divisor in the complete linear system |L®^| := 
FH%Y, L®"")*. Letl C Oy be the ideal sheaf defining D . Then 

H\D, {E®{I/l^))\r>) = 

and 

H'>{D, {E®F*{I/I^))\d) = 
for any essentially finite vector bundle E over Y . 

Proof. Since E is essentially finite, the restriction E\d is an essentially finite vector bundle 
over D. 

Since D G the Poincare adjunction formula says that the line bundle over D 

defined by X/X^ coincides with the restriction of the line bundle := (L*)®^' to D. As 
L is ample, the line bundle L^^\o over D is of negative degree. Therefore, it now follows 
from Lemma O that H^{D, {E ® {I/I^))\d) = 0. 

Since FyL = L®^, the restriction of the line bundle FyL'^ to D is of negative degree. 
Using this the second vanishing result follows similarly. This completes the proof of the 
lemma. □ 
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Let G and H be group schemes defined over the algebraically closed field k. We will de- 
note by G-rep (respectively, if-rep) the category of all finite dimensional left G-modules 
(respectively, if-modules). Given a homomorphism of group schemes 

(3.2) p^,G ^ H 
we have a contravariant functor 

(3.3) Po : if-rep — > G-rep 
that considers a if-module as a G-module through po- 

We now reproduce Proposition 2.21 of [DM] . 

Proposition 3.4 (DM, page 139, Proposition 2.21). Let po be the homomorphism in Eqn. 
(13. 2p and po the corresponding functor in Eqn. (13.31) . 

(1) The homomorphism po is surjective (faithfully fiat) if and only if the following two 
conditions hold: the functor po is fully faithful and for each exact sequence 

— > W — > po{V) — > W" — ^ 
of G -representations, where V is a H -representation, there is an exact sequence 

— > V — > V — > V" — ^ 
of H -representations and a commutative diagram 

— > W — > po{V) — > W" — ^ 
^ Id ^ 

— ^ MV) — Mv) Mv") 

of G -representations . 

(2) The homomorphism po in Eqn. (13.21) is a closed immersion if and only if for 
each G -representation V there exists some H -representation W such that V is a 
subquotient of the G -representation po{W). 

Let X be a smooth projective variety defined over k. Fix an ample line bundle L over 
X. So L gives a polarization on X. For any nonnegative integer d, we will denote by 
\L^'^\ the complete linear system P/7°(X, L^'^)*. 

Our aim in this section is to prove the following theorem: 

Theorem 3.5. Let X be a smooth projective variety with dimX > 2 and L an ample 
line bundle over X . Let D G \L®''-\ be a smooth divisor on X, where d is any positive 
integer satisfying the inequality 

d > Linax (fix) /degree (L) , 

and let Xo be a k-rational point of D. Then the homomorphism between fundamental 
group schemes 

n{D,Xo) — > n{X,Xo) 
induced by the inclusion map D X is surjective. 
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Proof. We will use the criterion in Proposition 13.4( 1) for surjectivity. 

Let E be an essentially finite vector bundle over X. From Proposition 3.10 in [Noli 
page 40] we know that E is trivializable over a principal bundle over X whose structure 
group scheme is finite. Taking the local group scheme corresponding to the closure of the 
identity element (see the proof of Proposition 7 in |No2l Chapter II]) we conclude that 
there is a connected etale Galois covering 

A : Xi X 

such that fiE is an F-trivial vector bundle over Xi. See Definition 12.11 for F-trivial 
vector bundles. 

Let V be another essentially finite vector bundle over X. Let 

/2 '■ X2 — > X 

be a connected etale Galois covering such that /|V^ is an F-trivial vector bundle over X2. 
Let 

(3.4) Z C Xi xx X2 
be any connected component of the fiber product. Set 

(3.5) / := Ax/2 : Z X. 

Therefore, both f*E and f*V are F-trivial vector bundles over the connected smooth 
projective variety Z. 

Let D G be a smooth divisor on X, where d > Lmax(^x) /degree (L). Set 

D' := f^^{D). Since D C X is an ample smooth divisor, and dimX > 2, the divisor 
D' is irreducible and smooth. Thus, the restriction 

(3.6) fn := /b' : D' D 
is also a connected etale Galois covering. 

In our set-up, the first condition in Proposition 13.4( 1) says that the restriction homo- 
morphism 

(3.7) H%X, nom{E,V)) — > H^{D, nom{E,V)\D) 
is an isomorphism. 

To prove this, set Fi := f*E and Vi := f*V, where / is the morphism defined in Eqn. 
fl3.5p . Since / and (defined Eqn. fl3.6p ) are connected etale Galois coverings, we have 

H\X, nom{E,V)) = H\Z, nom{Ei,Vi)f 

and 

H\D, nom{E\D,V\D)) = H%D\ 'Hom{E^\o',V^D')f , 
where F := Gal(/) is the Galois group for the covering /, which is also the Galois group 
for Z^). Therefore, to prove that Eqn. (13.71) is an isomorphism it suffices to show that the 
restriction homomorphism T-Com{Ei, Vi) — > ?^om(Fi|£i/, Vi|d') gives an isomorphism 

(3.8) H\Z, nom{Ei, Vi)) = H\D', nom{Ei\D', V^i|d')) • 
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Note that the restriction homomorphism 

nom{Ei,Vi) — > nom{Ei\D',Vi\D') 

is F-equivariant. If Eqn. (13.81) holds, then taking the F-invariants of both sides of Eqn. 
fl3.8p it follows that the homomorphism in Eqn. ( 13. 7p is an isomorphism. 

Let 

Fz : Z — > Z 

be the Frobenius morphism of the variety Z in Eqn. (13.41) . Since both Ei and Vi are 
F-trivial vector bundles over Z, there is a nonnegative integer m such that both {F^)*Ei 
and {F^yVi are trivializable vector bundles. 

We proceed by induction on m. If m = 0, then both Ei and Vi are trivializable vector 
bundles over Z. In that case, 

H\Z, nom{E,,V,)) = Hom,((Ei),, = H%D', nom{E,\D',V,\D')) , 

where Xq is any /c-rational point of D'. Therefore, Eqn. (13.81) is valid if m = 0. 

Assume that Eqn. (13. 8p is valid for all E, V and / as above for which m < uq — 1. 
We will show that Eqn. (13. 8p is valid for all E, V and / for which m = uq. It should 
be emphasized that we are not fixing / in the induction hypothesis. The induction 
hypothesis says that for any triple {E ,V , f) as above such that {F'^)*Ei and {F^)*Vi 
are trivializable vector bundles, Eqn. (13.81) is valid provided m < uq — 1. 

Take any triple E, V and / as above for which m = uq. Set 

E' := F*zEi 

and 

V' ■= F*Vi . 

Since E' and V are pull backs under the Frobenius morphism Fz, by Cartier, there are 
canonical connections V'^' and V^' on E' and V respectively, with the property that the 
p-curvature of the connections V'^' and V^' vanish (see [Ka[ Section 5]). Furthermore, 
there is a natural isomorphism 

(3.9) nomoAEi,V,) = 7^omo,((E', V^') , (V^', V^')) 

between the sheaf of (9^-linear homomorphisms from Ei to Vi and the sheaf of connection 
preserving O^-linear homomorphisms from E' to V |Kal page 190, Theorem 5.1.1]. 

We will use the polarization f*L on Z to define degree of coherent sheaves on Z. 
For notational convenience, given any vector bundle W on Z, the vector bundle W 
Oz{-D') will be denoted by W{-D'). We have 

(3.10) L^U'HomiE,, V,{-D'))) = L^^UVi) - i^max(^i) + degYee{Oz{-D')) . 
We note that as both Ei and Vi are F-trivial, 

(3.11) -^^max(^l) = = Lmax(-E'l) • 

Combining Eqn. (I3.10p and Eqn. (13. lip . 

L^U^om{E^,Vr{-D'))) = degiee{Oz{-D')) < 0, 
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where D' = f ^{D). Hence from Lemma [3. II we conclude that 

(3.12) H\Z,nom{EuVi{-D'))) = 0. 

Using Eqn. ( 13. 12^ in the left exact sequence of global sections for the exact sequence 
of sheaves 

— > nom{Ei,Vi{-D')) — > nom{Ei,Vi) — > Hom(Ei|B', — ^ 
it follows that the restriction homomorphism 

(3.13) H'^iZ, nom{Ei,Vi)) — > H^{D', nom{Ei\D' ,Vi\d')) 

is injective. Hence Eqn. fl3.8p holds if the homomorphism in Eqn. fl3.13p is surjective. 
Take any homomorphism of vector bundles 

G H\D', nomo,,{Ei\D',V,\D')). 
over D'. This homomorphism defines a homomorphism 

(3.14) := F^,0 : ^ V'\d' , 

where Fd/ : D' — > D' is the Frobenius morphism of D'; note that E'Id/ (respectively, 
V'\d') is identified with F^,{Ei\d') (respectively, F5,(Vi|z)')). 

Let V (respectively, V") be the restriction to D' of the Cartier connection V^' (re- 
spectively, V^') on E' (respectively, V). Since Cartier connection is compatible with pull 
back operation, the connection V (respectively, V") coincides with the Cartier connection 
on the Frobenius pull back FI),{Ei\d') = E'Id' (respectively, FI),{Vi\d') = V'\d')- The 
homomorphism in Eqn. fl3.14p . being a pulled back one, intertwines the two connections 
V and V". In other words, the following identity holds: 

(3.15) (0®Idn^,)oV' = V"o0, 

where is the cotangent bundle of D'. Both sides of Eqn. fl3.15p are fc-linear homo- 
morphisms from E'Id' to V'\d' ® ^d'- 

Using the induction hypothesis, which says that Eqn. (13. 8p is valid for all E, V and / 
with m < no — 1, the restriction homomorphism gives an isomorphism 

(3.16) H\Z, nom{E' , V')) ^ H\D\ Hom{E'\D,, V'\d')) ■ 

Note that as F*Ei = f*F*xE and F*zVi = f*F;rV, and m = no for the triple {E,V ,f), 
the induction hypothesis indeed applies for the triple {FxE , FxV , /) giving the isomor- 
phism in Eqn. (13.160 . 

Let 

(3.17) 0' : — > V 

be the homomorphism that corresponds to (defined in Eqn. fl3.14p ) by the isomorphism 
in Eqn. fl3.16p . Therefore, is the restriction of 0' to D' . 

To prove that Eqn. (13.81) is valid for all E, V and / for which m < no, it suffices to show 
that the homomorphism 0' in Eqn. (13.170 intertwines the connections V^' and V^'. In- 
deed, if 0' intertwines V'^' and V^' , then using Eqn. (13.90 the homomorphism 0' descends 
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to a homomorphism from Ei to Vi. Sending any (p to the descend of the homomorphism 
0' constructed from in Eqn. fl3.17p . the inverse of the restriction homomorphism in Eqn. 
(13.131) is obtained. 

To prove that (p' intertwines V'^' and V^', consider 

(3.18) 7 := (0' ® ldn^)V^' - G H\Z, Uam^E' , V ® Viz)) ■ 

(This homomorphism 7 : E' — > V ® Viz is clearly (9^-linear.) The homomorphism 0' 
intertwines V^' and V^' if and only if 7 = 0. Let 

(3.19) 7' G H\D', {nom{E', V) ® Qz)\d') 
be the restriction to D' of 7 defined in Eqn. (13.181) . 

As mentioned earlier, the degree of a coherent sheaf on Z will be defined using f*L. 
Therefore, we have degree(/*iy) = degree (/)'^™"^degree(Vl^) for any coherent sheaf W 
on X. Also, f*Vlx = Viz- Therefore, the given condition in the theorem that d > 
-f'max(^^x) /degree (L), which is equivalent to the condition degree ( Ox (-D)) > Linax(^x), 
implies that 

(3.20) degree{OziD')) > L^^Vz) . 
In view of Eqn. (I3.20p . from Lemma [3.21 it follows that 

H^{Z, nom{E',V' ®Vz){-D')) = 

(the vector bundle T-Com{E' ,V') is F-trivial as both E' and V are so). Therefore, con- 
sidering the left exact sequence of global sections for the exact sequence of sheaves 

— > nom{E',V'0Vz){-D') — > Hom{E' ,V'mz) — > {nom{E' ,V')mz)\D' — ^ 
we conclude that the restriction homomorphism 

(3.21) H\Z, nom{E\ V ® Viz)) — > H\D', {Uom^E' , V) ® Vz)\d') 
is injective. 

Consequently, the homomorphism 7 constructed in Eqn. (I3.18P vanishes if its restriction 
7' (defined in Eqn. (13.191) ) vanishes. 

Let I C Oz be the ideal sheaf defining the smooth divisor D' . We have an exact 
sequence of vector bundles over D' 

(3.22) — > J/J2 — > Vz\d' — ^ VId' — ^ 0. 

Tensoring the exact sequence in Eqn. (I3.22p with l-Lom{E'\r)i .,V'\d')i and then taking 

global sections, we obtain the following exact sequence: 

(3.23) 

— ^ H\D\ nom{E'\D' , V'\d') ® (X/X^)) — > H°{D', nom{E'\D' , V'\d') ® Vz\d') 

H\D\ nom{E'\D' , V'\d') ® V^') • 

We note that the identity in Eqn. (13.150 is equivalent to the assertion that /?(7') = 0, 
where 7' is the section defined in Eqn. (I3.19P and f3 is the homomorphism in Eqn. (I3.23p . 
On the other hand, as both E' and V are F-trivial, using the first part of Lemma [3l3] we 
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conclude that the term H^{D', Hom{E'\D' , V'\d') ® (X/J^)) in Eqn. (13:231) vanishes. In 
other words, /3 is injective. Since /3 is injective with /3(7') = 0, we conclude that 7' = 0. 

We noted earlier that 7 constructed in Eqn. (13.181) vanishes if 7' = 0. Therefore, we 
have proved that 7 = 0. Since 7 = 0, the homomorphism 0' in Eqn. fl3.17l) intertwines 
the connections V^' and V^'. We noted earlier that this implies that Eqn. (13.81) is valid 
for all ii^, V and / for which m < tiq. 

Using induction on m it now follows that Eqn. (13. 8p is valid. It was also shown earlier 
that Eqn. (13. 8p implies that the homomorphism in Eqn. (13. 7p is an isomorphism. This 
completes the proof of the assertion that the homomorphism 

(3.24) vr(D,Xo) vr(X,Xo) 

in the statement of the theorem satisfies the first condition in Proposition 13.4( 1). 

We will now prove that the homomorphism in Eqn. (I3.24p also satisfies the second 
condition in Proposition 13.4( 1). For that we will use the above set-up, and we will again 
employ induction on m. 

Let V be an essentially finite vector bundle over X such that {F^)*f*V is a trivial 
vector bundle over Z, where / and Z are as above. Let 

(3.25) Eo C V\d 

be an essentially finite subbundle over D. Therefore, the vector bundle (FJ^,)* J'^Eq over 
D' := f^^{D), where is the restriction morphism in Eqn. (13. 6p and F^/ is the 
Frobenius morphism of D' (as in Eqn. (I3.14p ). is an essentially finite subbundle of the 
trivializable vector bundle {{F^yf*V)\D'- Since any subbundle of degree zero of a triv- 
ializable vector bundle is also trivializable, and any essentially finite vector bundle is of 
degree zero, we conclude that {F^,)* J'^Eq is a trivializable vector bundle over D'. 

If m = 0, then it is easy to see that Eq is the restriction to D of an essentially finite 
subbundle of V over X. Indeed, this follows immediately from the fact that the natural 
homomorphism of etale fundamental groups 

■Ki{D,Xo) — > 7ri(X,Xo) 

is surjective (a proof of this is given in Section [2]). 

Assume that for all triples of the form {V ,Eo,f) as above with m < uq, the vector 
bundle Eq is the restriction to D of an essentially finite subbundle of V. We will show that 
for all triples {V ,EQ,f) as above with m = hq, the vector bundle Eq is the restriction 
to D of an essentially finite subbundle of V. 

Take any triple {V ,Eq , /) as above for which m = uq. Let 

(3.26) V := F^f*V 
be the vector bundle over Z and 

(3.27) E', := F*^,rr)Eo 

the vector bundle over D'. Since f o Fz = Fx o /, we have 

{F^)*f*V = {F^-^y f* F*xV . 
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Also, since Fx o ld = t^o ° -^d, where 

ld ■■ D ^ X 

is the inclusion morphism and : D — > D is the Frobenius morphism, the inclusion 

Eo C V\d 

in Eqn. fl3.25p induces an injective homomorphism of vector bundles 

F*^Eo C iF*^V)\n. 

Consequently, the induction hypothesis applies for the triple {F^V , -F^-Eo > /)• (Note that 
F^Eq is essentially finite as Eo is so.) Therefore, there is an essentially finite subbundle 

El c f;.v 

such that Ei\d = F^^Eq C {F^V)\d. 
Set 

(3.28) E' := C V . 

Therefore, the two subbundles oiV'\D', namely -E'|_d' and E'q, coincide, where E'q is defined 
in Eqn. (13:271) . Note that 

(3.29) E', = F*^,r^Eo C F^,/2)(^Id) = F*^,{{rV)\D') = iF*rV)\n' = V'\n, . 

As before, let V^' denote the Cartier connection on the vector bundle V' defined in 
Eqn. ([326]). Let 

(3.30) 6 : E' ^ V ^ V — > iy'/E') ® Viz 

be the composition homomorphism giving the second fundamental form of the subbundle 
E' (defined in Eqn. f l3.28p ) for the Cartier connection V^'. From Leibniz identity, this 
composition homomorphism is (9^-linear. In other words, 

(3.31) 5 e H^{Z, nom{E' , {V'/E') ® ^z)) . 

This homomorphism 6 vanishes if and only if the subbundle E' is the pull back, by Fz, 
of a subbundle of f*V [Kal page 190, Theorem 5.1]. 

Since the vector bundle V is F-trivial and E' is an essentially finite subbundle of V, it 
follows immediately that both E' and V'/ E' are F-trivial vector bundles (a subbundle of 
degree zero of a trivial vector bundle is trivializable and the quotient is also trivializable). 
As we noted earlier, the inequality in Eqn. (13.201) follows from the given condition on d. 
Since E' and V / E' are F-trivial, using Lemma 13.21 it follows that 

H^{Z, nom{E' , iy'/E') ®Vlz){-D')) = 0. 

In view of this, considering the left exact sequence of global sections for the exact sequence 

— > nom{E' , iy'/E') ®nz){-D') — > nom{E' ,{V'/E')(g)nz) 

— > nom{E' ,{V'/E')^Qz)\d' — > 
we conclude that the restriction homomorphism 

(3.32) ^ : H%Z, nom{E' , (V'/E') ® ^z)) — > H^{D', nom{E' , (V'/E') ® ^]z)|D') 
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is injective. 
Set 

(3.33) 6' := V(5) e H\D', Uom^E' , {V / E') ® Vtz)\D') , 

where ip is the homomorphism in Eqn. fl3.32p and 5 is the section in Eqn. fl3.3ip . In other 
words, 5' is the restriction of 5 to D' . 

Since the homomorphism if) in Eqn. fl3.32p is injective, the section 5 vanishes if 5', 
defined in Eqn. fl3.33p . vanishes. 

Tensoring the short exact sequence in Eqn. fl3.22p with l-iom{E'\£,i , {V j E')\di), and 
then taking global sections, we get a left exact sequence 
(3.34) 

H\D', nom{E'\D' , {V'/E')\d') ® (X/X^)) H\D' , nom{E'\D' , {V'/E')\d') ® 1^z|d') 

^ H\D', nom{E'\D' , {V'/E')\d') ® n^') ■ 

As E' and V'/E' are F-trivial vector bundles, the vector bundles E'Id/ and {V'/E')\o' 
are also F-trivial. Hence the first part of Lemma 13.31 gives that 

H\D', nom{E'\D' , {V'/E')\n') ® (X/X^)) = . 

Therefore, the homomorphism a in Eqn. fl3.34p is injective. 

Recall that E'l^,/ = Eq, or in other words, the restriction is the pull back, by 

the Frobenius morphism F^/, of the subbundle f^E^ C (/*^)|d'- Therefore, the second 
fundamental form of the subbundle 

E'\d' C V'\d' = F^,{{rV)\D') 

(see Eqn. f l3.29p ) for the Cartier connection on El),fl)(y\£)) vanishes identically. This 
immediately implies that a{6') = 0, where S' is defined in Eqn. (I3.33P and a is the 
homomorphism in Eqn. fl3.34p . 

Since a is injective (this was proved above), and a{6') = 0, we conclude that 6' = 0. 

We saw earlier that if 6' = 0, then the homomorphism 6 constructed in Eqn. fl3.30p 
vanishes. Therefore, we have proved that 5 = 0. Since 5 = 0, the subbundle E' C V is 
the pull back, by Fz, of a subbundle of f*V. Let 

(3.35) E" C f*V 

be the subbundle such that F^E" = E' C. V . Since E' is essentially finite, it follows 
that the vector bundle E" is also essentially finite. Indeed, as E' is essentially finite, 
there is an etale Galois cover Z' of Z such that the pull back of E' to Z' is F-trivial, 
hence the pull back E" to Z' is F-trivial, which, using Proposition 12. 3p . implies that E" 
is essentially finite. 

We will show that the natural action of the Galois group F := Gal(/) on f*V leaves 
the subbundle E" invariant. For this, take any element (7 G F of the Galois group. Let 



(3.36) 



Hg : E" ® (g-^E 
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be the homomorphism defined by Hg{v,w) = l{v) + g{{{g ^)*l){w)), where l : E" ^ 
f*V is the inclusion map in Eqn. (13.351) . 

is the pull back of l and g{{{g^^)* l){w)) is the image of {{g^^)* l){w) G f*V for the action 
of g on f*V. The vector bundle E" © {g~^)*E" is essentially finite as E" is so. Therefore, 
the image Hg{E" © {g~^)*E") is a subbundle of the essentially finite vector bundle f*V 
|Nolt page 38, Proposition 3.7(b)]. 

Since 

^D'{^ \d') - [^Z^ >\d' - tj \d' - -tjQ - l^j^,J^J^o, 

we know that f^Eo = E"\d'- Therefore, the action of T on {f*V)\D' leaves the subbundle 

r^Eo = e"\d' c irv)\D' 

invariant. Hence we have 

(3.37) Tank{Hg{E" ® E")) = rank(E") 

for the homomorphism Hg in Eqn. (I3.36p . From Eqn. (I3.37P it follows immediately that 
the action of g G F on /*\^ leaves the subbundle E" invariant. 

Since the subbundle E" C f*V is left invariant by F, it descends as a subbundle of V, 
and furthermore, the descended subbundle extends to X the subbundle Eq C V\d over 
D. Since E" is essentially finite, it follows that the descend of E" is an essentially finite 
vector bundle over X. Indeed, as / is etale Galois, and E" is essentially finite, there is 
an etale Galois cover X' of X such that the pull back to X' of the descend of E" to X is 
F-trivial, which, using Proposition 12.31 implies that the descend of E" to X is essentially 
finite. 

Thus, if V is an essentially finite vector bundle over X and Eq C V^I^) an essen- 
tially finite subbundle over D, where D G \L'^'^\ is a smooth divisor on X with d > 
-^max(^x) / degree(L) , then Eq extends to X as an essentially finite subbundle of V. There- 
fore, the homomorphism in Eqn. (13.241) satisfies the second condition in Proposition 13 . 4( 1 ) . 
Hence this homomorphism is surjective. This completes the proof of the theorem. □ 

Combining Remark 12.41 and Theorem 13.51 we have the following corollary: 

Corollary 3.6. Let X be a smooth projective variety of dimension at least two and L 
an ample line bundle over X . Let D G IL*^"^! be a smooth divisor on X , where d is any 
positive integer satisfying the inequality 

d > Lmax (^^x) /degree (L) . 

Then H\X, Ox{-D)) = 0. 

4. Some vanishing results 

In this section we will prove some vanishing results which will be used in Section [51 

Let k be an algebraically closed field of characteristic p, with p > 0. Let X be a 
smooth projective variety defined over k and Ex the Frobenius morphism of X. Given 
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any vector bundle E over X, we will construct a natural filtration of coherent subsheaves 

of f;,Fx,e. 

Let W he a. vector bundle over X equipped with a connection V. Let Wi C be a 
coherent subsheaf. Set W2 to be the kernel of the second fundamental form 

S{Wi) : Wi — > (W/Wi) (g) 

of Wi for the connection V, where Qx is the cotangent bundle of X. We recall that 

SiWi) = {qw, ® Idn^) o V o 6^^^ , 

where lwi '■ Wi ^ W is the inclusion map and qwi '■ W — > W/Wi is the quotient 
map. Next set W3 to be the kernel of the second fundamental form 

S{W2) : W2 {W/W2) ® fix 

of W2 for the connection V. This way, for i > 1, define Wi+i inductively to be the 
kernel of the second fundamental form S{Wi) of Wi for the connection V. For notational 
convenience, set Wo '■= W. From the construction of this filtration 

(4.1) W = Wo D Wi D W2 D ■■■ 
it follows immediately that 

lmage{S{Wi)) C (Wi^i/Wi) Qx C {W/Wi)®nx 

for each i > 1. Consequently, the second fundamental form S{Wi) induces a homomor- 
phism 

(4.2) SiW^) : W^/Wi+i (W^-i/W^) ® ^x 
for each i > 1. 

Iterating the homomorphisms in Eqn. (14.21) we have a homomorphism 

s{Wi) o . . . o s{w,_i) o s{w,) : Wi/Wi+i — > (w/Wi) ® nf 

for alH > 1. Let 

(4.3) Si : IViM+i — ^ {w/w,)®nf 

be the composition homomorphism. 

Take any vector bundle E over X. The vector bundle F^Fx*E is equipped with the 
Cartier connection. First set Eo := F^Fx*E. There is a natural surjective homomor- 
phism 

(4.4) Eo := F;,Fx.E E. 

Let El C Eo denote the kernel of the homomorphism in Eqn. ( 14. 4p . Using the construc- 
tion of the filtration in Eqn. (14. ip . a filtration of FxFx*E is obtained from the subbundle 
El and the Cartier connection on F^Fx*E. Thus, we get a filtration of coherent sub- 
sheaves 

(4.5) F*xFx,E =: Eo D El D E2 D ■■■ . 

Since the homomorphism in Eqn. (14. 4p is surjective, we have Eo/ Ei = E. 
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Proposition 4.1. Let p denote the characteristic of the field k, and d = dimX. With 
the above notation we have the following: 

(1) Each Ei in Eqn. (14. 5p is a vector bundle over X , and Ei = if i > [p — l)d. 

(2) For each i > 1, the homomorphism 

(4.6) S, : E,/E,+, ^ E^nf 

constructed as in Eqn. ( 14. 3p is an infective homomorphism of vector bundles. 

(3) Set E = Ox- Then for each i > 1, consider the subbundle 

Q^ c nf 

given by the image of the homomorphism Si in Eqn. (14.61) (for E = Ox)- Let E 
be an arbitrary vector bundle over X . Then the image Si{Ei/ Ei^i) coincides with 
the subbundle 

E®gi G E®Q®\ 
where Qi is the above subbundle of VL'^ . 

Proof. If / : Xi — > X2 is a morphism, then / o Fx-^ = Fx2 ° /, where Fx^ j = 1,2, 
is the Frobenius morphism of Xj. Furthermore, if is a vector bundle over X2, then the 
isomorphism Fx-^f*V = f*Fx,^V takes the Cartier connection on Fx-^f*V to the pullback, 
by /, of the Cartier connection on Fx^V. Using these and the fact that the proposition 
is local in nature we conclude that it is enough to prove the proposition assuming that 
X = Spec{A), where A := k[[xi, . . . ,Xd]]- We will assume that X = Spec(y4) unless 
specified otherwise. Therefore, we may also assume that the vector bundle E over X is 
trivial. We will identify E with A®^ equipped with the standard basis {ei , . . . , Cr}- 

Therefore, the cotangent bundle Qx is a free A-module with a basis {dxi, ■ ■ ■ , dxd}- 

Set B := k[[xi, . . . ,x^]] C A, which is isomorphic to A. The Frobenius morphism Fx 
is seen as the inclusion map 

B ^ A. 

Using this inclusion we see that A is a free 5-module with a basis given by monomials 
of the form where < rrij < p — 1. The total degree of such a monomial 

^mi _ _ _ fjefined to be Yl'j=i ^j- 

We will identify FxFx^E with ^l^i{A ®b using the trivialization of E and the 
identification of Fx as the inclusion of B in A. The S-module structure of 

r 

Fx.E = 0Aei 

is defined by the following rule: 

r r 
i=l i=l 

where j G [1 , d\ and G A. We note that Fx*E is a free 5-module with a basis given 
by {x^^x^^ ■ ■ ■x^'^Ci}, where 1 < i < r and < rrij < p for each j G [1 , c?]. 
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The natural projection FxFx*E — > E in Eqn. fl4.4p is now identified with a homo- 
morphism 

r r 
i=l 1=1 

which is defined as follows: 

(4.7) c ® 1 ■ ■ ■ x;;''^e, I — > cxT' ■ ■ ■ x™'* ® le^ , 

where Q,,...,^, G A- 

For i G [1 , (i], let i/i be the variable defined by ?/j := Xj (8) 1 — 1 C?) Xj G A A. 

The homomorphism defined in Eqn. (14.71) is surjective and its kernel is generated by 
linear combinations of all Cj with coefficients that are homogeneous polynomials in the 
variables yi of total degree at least one. This already shows that the subsheaf Ei in Eqn. 
( 14. Sp is a subbundle of Eq. 

The Cartier connection operator on F^Fx*E 

F*xFx.E — ^ {F*xFx*E) ® ^x 

coincides with the map 

r r 



i=l i=l 



defined by 



where 



C'ivi, yd)ei I — > J2 • • • , Vd)) ® 



i=l 1=1 



with C%yi, ...,yd) e A®bA, and 

d 



dxj 



: A®bA — > A(g)BA 



being the pullback of the 5-derivation 

d 



A — y A. 



The second fundamental form of Ei for the Cartier connection 

S{Ei) -.El — > E®Qx 
is identified with the A-linear homomorphism defined as follows: 



r d 



^ ] ^ ] Cmi,-- ,md 'S) ■ ■ ■ ''Ci I > ^ ^ ^ ^ CjCi ® dXj 
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where j = (0, ■ ■ ■ , 1, ■ ■ ■ , 0) G Z"^, i.e., everywhere except at the j-th position where it 
is 1. From this expression of the second fundamental form S{Ei) it follows immediately 
that the kernel of S{Ei) is a free A-module. 

For the general case, using induction we see that for any i > 1, the subsheaf Ei C 
FxFx*E is a free yl-module generated by monomials of the form ■ ■ ■y^'^ei, where 
1 < z < r, Yl'j=i^j — ^ ^^"^ Q < nij < p for each j G [1 The second fundamental 
form 

S{Ei) : Et (Ee-i/Ee) ® Qx 
coincides with the homomorphism that sends any element 

r 

^C\yi,...,yd)ei e E^ 

i=l 

to the image of Yll=i d(C*(l/i, • • • , 2/d))ej in {Ei_i/Ee) ® fix- Note that the kernel of this 
homomorphism is a free A-module generated by the monomials of the form y^^ ■ ■ ■ y^''ei, 
where 1 < i < r, X]j=i > ^ + 1 and < nij < p for all j G [1 , (i]. 

From this description it follows that each Ei is a vector bundle. It also follows that 
Ee = if i > {p — l)d. Therefore, the proofs of statement (1) and statement (2) in the 
proposition are complete. 

To complete the proof of the proposition we need to show that the two subbundles of 
E (g) il^^, namely image(5'^) and E ® Qn, coincide. 

To prove this we may assume that X = Spec (A), where A := k[[xi, . . . ,Xd]], and we 
may also assume that E = Of = A®'' . If E = Ox = A, then 

image(5^) = = E ® Ge C E ^ Qf = Qf 

for all i > p. Therefore, 

image(^^) = E ® Qe C E nf 
if E = of and i > p. This completes the proof of the proposition. □ 

The following proposition is proved using Proposition 14. 1 ( 1 ) . 

Proposition 4.2. Let X be a smooth projective variety of dimension d defined over k. 
Let M be a nonnegative rational number such that 

M > L^^^inf) 

for all i G [1 ,{p — l)d], where L^i^^ is defined in Section\^ and p is the characteristic of 
k. Then for each positive integer n the following inequality holds: 

LmU{F^)*Ox) < M. 

Proof. For notational convenience, the vector bundle {F^'^)^Ox over X will be denoted 
by W. Consider the filtration of quotients of F^Fx^W 

F*xFx*W =: Wo ^ Wi ^ W2 ^ ■■■ 
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constructed as in Eqn. ( 14.5p . Pulling it back by the morphism we obtain a 

filtration of subbundles 

(4.8) {F^-^yF;.Fx,W =: D W[ D D ■ ■ ■ , 
where Wl := {F^-^Wi for all i > 0. Since 

{Fr'yF*xFx.W = {F^YiF^yOx, 
the filtration in Eqn. (14.81) gives a filtration of subbundles of (F^)*(FJ)^,Ox- 
Using Proposition 14.1( 1) we know that 

and Wl/Wl_^i = if z > (p — l)d, where d = dimX. On the other hand, given any two 
vector bundles Vi and V2 over X, we have 

(this follows from [RRl page 288, Theorem 3.23]). Combining these we conclude that 
there exists a nonnegative integer i < {p — l)d such that 

(4.9) L^ax((Fj^)*(F^)*Ox) < L,^UiF^~'rW) + L^U{F^-ynf . 

(If = Vo C Vi C ■ ■ ■ C Vm-i C Vm is a filtration of subbundles and V C Vm 
is a coherent subsheaf, then there is a nonzero homomorphism of V to some quotient 
V^/Vi.,.) 

Let M be any nonnegative rational number such that 

M > L^U^f ) 
for all j G [1 , {p — l)d]. From the definition of Lmax we have 

(4.10) L^UiF'x-'r^f) = p''-'L^..{^f) < p'^-'M 
for all j e [1 ,{p- l)d]. 

AsW = {F^-^),.Ox, from the inequalities in Eqn. (gSl) and Eqn. flCTl) we have 

n-l 

L^U{F'xnF'^)*Ox) < Y^P^M = M(p"-l)/(p-l). 

Since L^U{F^yiF^)*Ox) = p''L^UiF^)*Ox), this inequality implies that 

Lu.UiF'x)*Ox) < M(p"-l)/p"(p-l) < M. 
This completes the proof of the proposition. □ 

Let 

(4.11) f .,z ^ X 

be a connected Galois etale cover of the smooth projective variety X. As before, the 
Frobenius morphism of Z will be denoted by Fz- 



FUNDAMENTAL GROUP SCHEME AND AMPLE HYPERSURFACE 23 

Lemma 4.3. The following diagram is Cartesian 

Z Z 
f[ [f 
X ^ X 

Proof. As the above diagram is commutative, we obtain a morphism 

g : Z ^ X xx Z 

to the fiber product. The composition 

Z ^ XxxZ ^ X 

coincides with /, and hence it is an etale morphism. On the other hand, the projection pr^^^ 
is etale as / is so. Therefore, the morphism g is etale [Mil page 24, Corollary 3.6]. Since 
the etale morphism g is bijective on the set of closed points, it must be an isomorphism. 
This completes the proof of the lemma. □ 

Note that as a consequence of Lemma 14.31 and the fact that the morphism / is fiat, 
the following holds: For any vector bundle E over X, the base change morphism 

(4.12) f*Fx.E — . FzJ*E 

is an isomorphism, where / is as in Eqn. (14.111) . 

The following corollary is proved using the fact that the homomorphism in Eqn. (14.121) 
is an isomorphism. 

Corollary 4.4. For any f as in Eqn. (14.111) and any integer n > 1, there is a canonical 
isomorphism 

f*{F^\E iFS)J*E. 

Proof. We will use induction on n. For n = 1, this is the isomorphism in Eqn. (I4.12p . 
Assume that we have constructed the isomorphism 

(4.13) f*iF--')^E {Fr\rE. 

Taking direct image by Fz, the isomorphism in Eqn. (14.13^ gives an isomorphism 

FzJ*iF^-%E {F^U*E. 
On the other hand, substituting E by [F^~^)^E in Eqn. (14.121) we get an isomorphism 

f*{F^\E = f*Fx.{Fr%E Fz.f*{F^-%E. 
Combining the above two isomorphisms, an isomorphism 

nF^\E {F^\rE 

is obtained. This completes the proof of the corollary. □ 
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For any integer n > 1, there is a natural homomorphism of Ox into the direct image 
{F^)^Ox- Let Bn be the quotient bundle. So we have a short exact sequence 

(4.14) ^ Ox ^ {F^)*Ox ^ i?„ ^ 

of vector bundles over X. We note that the pullback of this exact sequence by splits 
using the adjunction homomorphism — > Ox- Consequently, 

(4.15) {Fiy{Fl).Ox = Ox® {F^YBn . 

Let {Bn)z denote the quotient bundle {Fz)*Oz/Oz over Z which is constructed by 
replacing X by Z in Eqn. fl4.14p . 

Corollary 14.41 gives the following: 

Corollary 4.5. For any f as in Eqn. (14. lip , the vector bundle {Bn) z over Z is canonically 
identified with f*Bn, where n is any positive integer. 

Proof. Set E = Ox in Corollary 14.41 The isomorphism in Corollary 14.41 evidently takes 
the line subbundle 

Oz = rox c nF^).Ox 

to the line subbundle Oz C {F^)^,Oz■ Hence the isomorphism in Corollary 14.41 for 
E = Ox induces an isomorphism of f*Bn with (-Bn)z- This completes the proof of the 
corollary. □ 

Let 

F*rFx.E F*FzJ*E 

be the pull back of the isomorphism in Eqn. (14.121) by the morphism Fz- On the other 
hand, since Fx of = f o Fz, the vector bundle F^f*Fx*E is identified with f*F^Fx*E. 
Combining these two isomorphisms we have an isomorphism 

(4.16) f*F*^Fx.E F*FzJ*E. 

The following lemma shows that the isomorphism in Eqn. (I4.16P is compatible with 
the filtration of subbundles constructed in Eqn. (14. 5p . 

Lemma 4.6. Let {-Ej}j>o (respectively, {E^}i>Q) be the filtration of subbundles of the 
vector bundle FxFx*E (respectively, FzFz*f*E) constructed as in Eqn. (14.50 . For each 
i > 0, the isomorphism in Eqn. (14. 16p takes the subbundle f*Ei C f* F^Fx*E to the 
subbundle E[ C F^FzJ*E. 

Proof. The following diagram is commutative 

f*F*xFx.E ^ F*zFzJ*E 

f*E = f*E 

where the vertical homomorphisms are defined as in Eqn. (14. 4p and the top horizontal 
isomorphism is constructed in Eqn. (14.161) . Consequently, the isomorphism in Eqn. (14.161) 
takes the subbundle f*Ei C f*F^Fx*E to E[ C F^FzJ*E. 
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The Cartier connection on F^Fx^E induces a connection on f*FxFx*E. This induced 
connection is taken to the Cartier connection on F^Fz^:f*E by the isomorphism in Eqn. 

glEl). 

Since the fihration in Eqn. (14.51) is constructed from the subbundle Ei and the Cartier 
connection on FxFx*E, we conclude that for each i > 0, the isomorphism in Eqn. f l4.16p 
takes the subbundle f*Ei to E'^^. This completes the proof of the lemma. □ 

Lemma 4.7. Let X be an irreducible smooth projective variety of dimension at least 
three. Fix an ample line bundle L over X . There exist integers ri and r2 such that for 
each connected etale Galois covering f : Z — > X , 

H\Z, f*L-'') = 

provided r > r^, where i = 1,2. Furthermore, ri can be chosen to be M/degree(L), 
where M is given in Proposition \4 ■ 4 

Proof. Take any connected etale Galois covering / : Z — > X. Since / is a finite 
morphism, 

H%Z, f*L~'') = H\X, fJ*L-'') 
for all i > 0. Combining this with the projection formula 

fJ*L-^ = f^{Oz)®L~^ 

we have 

(4.17) H\Z, PL-'-) = H\X, f,{Oz) ® L"^) 
for all i > 0. 

For notational convenience, the vector bundle f^Oz over X will be denoted by W. 

Tensoring the exact sequence in Eqn. (14.141) with W ® L^^ we have the short exact 
sequence 

— >W^L-' — > {{F^),Ox) (^W ® — >W®Bn®L-' — ^ 0. 
The long exact sequence of cohomologies for this exact sequence gives the following: 
If 

(4.18) H'-\X, W^Bn® L-') = 
and 

(4.19) H\X, {{F^).Ox) ® ® L-^') = , 

then H'{X, W ® L"^) = 0. 

The lemma will be proved by showing that for suitable values of r, Eqn. (I4.18P holds 
for all n and Eqn. (14.191) holds for all sufficiently large n. 

To prove that Eqn. (14.191) holds for i = 1,2, first note by the projection formula 

H\X, i{F^),Ox)0W0L-n = H\X, {F^)4F^y{W0L-')) 

for alH > 0. Now, since F^ is a finite morphism, we have 

H'{X, {F^UF^)*{W ^L-')) = H\X, {F^YiW ®L-^')) 



26 I. BISWAS AND Y. I. HOLLA 

for alH > 0. Therefore, we have 

(4.20) H\X, {{F^),Ox) ®W® L-') = W{X, {F^)*iW L"^)) 
for all z > 0. 

As the next step, we will show that there is a natural isomorphism {F^)*W = W for 
all > 1. To construct this isomorphism, first note that since the vector bundle f*W 
over Z is trivializable, there is a natural isomorphism 

(4.21) rw — > F^f*W. 

On the other hand, since Fx ° f = f ° Fz, there is a natural isomorphism of F^f*W 
with f*FxW. This isomorphism and the isomorphism in Eqn. (I4.2ip together give an 
isomorphism 

(4.22) fW — > rF*xW 
for all n > 1. 

The isomorphism in Eqn. (14.221) intertwines the actions of the Galois group Gal(/) on 
f*W and f*F^W. Therefore, the isomorphism in Eqn. (14.221) descends to an isomorphism 
of F^VT with W. Since FJVT = W, we have 

(4.23) {F^yW = W. 

The isomorphism in Eqn. (I4.20p and the isomorphism in Eqn. (I4.23P together give 

(4.24) H\X, ((Fj^).Cx) ®W® L"'^) = H'{X, W ® {F^yi-') 
(note that (FjJ)*(iy O L^'^) = ((F^)W) ® (Fj^)*^-'" = W (S> {F^Y L-'') . Since 

{F^yi-'' = L-^*"^ , 

where p is the characteristic of the field k, and dimX > 3, using the Serre vanishing it 
follows that 

H\X, W^iF^yL-"-) = H\X, W^L-P"') = 

ifi = 1,2 and n is sufficiently large [EGA31 page 111, Proposition 6.2.1]. Therefore, using 
Eqn. (I4.24P we conclude that Eqn. (14.190 holds provided i = 1,2 and n is sufficiently 
large. 

We will now prove that Eqn. (14.180 holds for i = 1,2 under appropriate conditions. 
From the short exact sequence in Eqn. (14.150 it follows that i^max((-^x)*^^) — 

(4.25) Ivmax(5„) < L^ax((i^x)*Cx). 

We will use the ample line bundle L to define degree of a coherent sheaf on X. 

Take any integer r such that r ■ degree(L) > M, where M is given in Proposition 14.21 
From Proposition 14.21 it follows that 

(4.26) Lmax((Fx)*Ox) < r-degree(L) = degree (L^ ) . 
Combining Eqn. (I4.25P and Eqn. (I4.26P we conclude that 

(4.27) L^UBn^L-') = L^ax(5„)-degree(L0 < L^Uin)*Ox) - degTee{U) < 0. 
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Since / is an etale Galois covering, the vector bundle f*W over Z is trivializable. 
Therefore, from Eqn. (14.271) it follows that 

L^UnW^B^^L""^)) = L^ax(r(5„®L-0) < 

with respect to the polarization f*L on Z. This inequality implies that 

H%Z, r{W ®Bn®L-'-)) = 0. 

Hence Eqn. fl4.18p holds for all n if i = 1 and r > M/degree(L). 

Since both Eqn. (14.181) and Eqn. (I4.19p hold for i = 1 and r > M/degree(L), we 
know that 

(4.28) H\X,W ^ L-'') = 

provided r > M/degree(L). In view of Eqn. (I4.17p . this implies that 

H\Z, f*L~'') = 

if r > ri := M/degree(L). 

To prove Eqn. (I4.18P for i = 2, consider the exact sequence of sheaves 

^ Fx.Ox F^^Ox FxA-i 

obtained by taking the direct image of Eqn. (14.140 by the morphism Fx after substituting 
n — 1 for n in Eqn. (14.141) . It gives an exact sequence 

(4.29) ^ B^ ^ Br, ^ FxMa-i ^ 

of vector bundles over X. Replacing n by n — 1 in Eqn. (14.290 . and then taking direct 
image by Fx, we have 

— >■ Fx*Bi — y Fx*Bn-i — ^ Fx*-Fx*-Bn-2 — > . 

More generally, replacing n by n — j in Eqn. (I4.29p . and then taking direct image by F^, 
we have 

Fj,^B, ^ ^ Fir^n-.-i 0, 

where < j < n — 1. 

For j G [0,n — 1], set Uj := F^^Bn-j- Also, set f/„ = 0. We have a filtration of 
quotients 

(4.30) Br,, := Uo ^ U^ ^ U2 ^ ■■■ "-^ f/n-i = 

of the vector bundle Bn, where the homomorphisms hj, j G [0,n — 1], are constructed 
above. Note that kernel (/ij) = Fj^^Bi, j E [0 , n—1], with the convention that (F^-)*!?! = 
Bi (recall that F^ denotes the identity morphism of X). 

Using the filtration in Eqn. (I4.30p we conclude that Eqn. (I4.18p holds for z = 2 if 

(4.31) H\X, W(^L-'(g) {F{),B^) = 
for all j e [0 ,n - 1]. 
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The projection formula says that W ® L'"' ® {Fj^)^Bi = L"'') ® 

We have = W (see Eqn. (g^SD) and {F^xYL'' = Using these and the 

fact that Fj^ is a finite morphism we have 

(4.32) H\X, ® L-^ ® (i^i)*5i) = H\X, {Fj,),{{Fj,y{W ® L-''') ® B,)) 

= H\X, {Fi.)*{W ® L~') ® 5i) = H\X, W ® L-'-f' ® B^) . 
There is a positive integer m, such that there exists a surjective homomorphism 

Given such a homomorphism ip, consider the exact sequence of vector bundles 

(4.33) > Bi ^ ^im^(Bm ^ ^ ^ Q 

over X. 

Fix an integer r2 satisfying the two conditions: 

(1) r2 ■ degree (L) > Lmax(^), and 

(2) r2 > m + ri, where ri is defined in the statement of the lemma. 

We will show that Eqn. fl4.18p with i = 2 holds for all n and all r > r2. For that 
purpose we will show that 

(4.34) H\X, W®Bi(E) L"") = 
for all r > r2. 

Take any r > r2, where r2 is the above integer. Let 

(4.35) — > H\X, W®n®L-') — > H\X, W(^Bi®L-') — > H\X, W^L""-')®"" 

be the long exact sequence of cohomologies for the short exact sequence of sheaves obtained 
by tensoring the exact sequence in Eqn. fl4.33p with W ® L~^. 

We already proved that H^{X, W ® L^""') = if r' > ri; see Eqn. f l4.28p . Therefore, 

(4.36) H\X, ^L"-") = 

as r — m > r2 — m > ri (see the definition of r2 given above). 

On the other hand, as Lmax(W^) = (the pull back f*W is trivializable) , we have 

L^UW(»n®L-') = L^^^in^L-"-) = L^ax(H) - degree(L^) < 

(the last inequality follows from the conditions that r > r2 and r2- degree (L) > L^axi'H)). 
Therefore, we have 

(4.37) H^{X, W®n® L-'-) = . 

Combining Eqn. (14.360 and Eqn. f l4.37p with Eqn. f l4.35p we conclude that Eqn. (14.340 
holds. In view of Eqn. (lT3Til and Eqn. (1432|) . this implies that Eqn. (H?T8il with i = 2 
holds for all n. We showed earlier that Eqn. fl4.19p i = 2 holds for all n sufficiently large. 

Therefore, if r > r2, then if^(X, W^L~^) = 0. In view of Eqn. f l4.17p . this completes 
the proof of the lemma. □ 
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We will need the following lemma for our purpose. 

Lemma 4.8. Let X and L he as in Lemm,a \4-'?\ Let V be a vector bundle over X . Then 
there is an integer N{V) such for any r > A^(^), and for each connected Stale Galois 
cover f : Z — > X, 

H\Z, {F^)*f*{V (8)L-'-)) = 

for all n > 0. 

Proof. There is an integer m such that there is a surjective homomorphism 

^P : (L""*)®"^ — > V* 
of vector bundles. The homomorphism ip gives an exact sequence of vector bundles 

(4.38) > V ^ ^im^®m ^ ^ ^ Q 

over X. 

Fix an integer A^(V") satisfying the two conditions: 

(1) Ar(\/) ■ degree(L) > L^axM), and 

(2) A^(V") > m + ri, where ri is prescribed in Lemma [4.71 

These conditions ensure that if r > A^(V"), then 

(4.39) L„,,,{A0L~'') < 
and 

(4.40) H\Z, f*U>^i^--)) = 
for all n > (see Lemma [4. 7p . Since 

from Eqn. f l4.40p we conclude that 

(4.41) H\Z, {F^yf*L"'-'') = 
for all n > 0. 

Take any r > A^(V^). Take any / as in the statement of the lemma. From Eqn. (14.391) 
we have 

LmUriA^L-n) < 

with respect to the polarization on Z obtained by pulling back the polarization on X. 
This implies that 

I^max((F^)7*(^®^"'')) = p''L^UnA®L-')) < 

for all n > 0. Consequently, 

(4.42) H^'iZ, {F^yf*{A0L~'-)) = 
and for all ri > 0. 

Tensor the exact sequence in Eqn. (I4.38P with L^'" and then pull it back by the mor- 
phism / o F^. This gives the exact sequence of vector bundles 

> {F^yr{y®L-'') ^ ^^^nyj*-^m-r^em ^ {F^Y f* {A ® L'') > 
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over Z . Consider the corresponding long exact sequence of cohomologies 

(F^)7*(^(8)L-")) — > H\Z, {F^yf*{y®L-"'')) — > H\Z, (^p^y f* L'^-r^®^ _ 
In view of Eqn. (14.42^ and Eqn. ( I4.4ip it implies that 

H\Z, {F^yf*{V = 0. 

This completes the proof of the lemma. □ 

The following lemma is very similar to Lemma 14.81 

Lemma 4.9. Let X and L be as in Lemma \4-7\ Fix vector bundles Vi, V2, ■ ■ ■ ,Ve over 
X . Then there is an integer N = N{Vi, ■ ■ ■ , Vi) such that 

H\z, ((g)(F|)*rv;,)®r^-""o = 

j=0 

provided r > N, where n is any positive integer and uj e [1 , ^] for all j G [0 , — 1], 
and f : Z — > X is any connected etale Galois cover. 

Proof. As in Eqn. fl4.38p . there is an integer m and exact sequences 

(4.43) — ^ Vi ^ (^im^em — , ^. ^ 

for alH G [1,^]. For any positive integer n and integers rij G where j G [0,n — 1], 

the homomorphisms ipi in Eqn. (14.430 together give an injective homomorphism of vector 
bundles 

n-l 

(4.44) <S)^HTf*Vn, > (^f*im{p"-l)/{p-l)^em" ^ 

j=0 

The quotient bundle for the homomorphism in Eqn. (14.441) is filtered by subbundles such 
that each successive quotient is of the form 

((8)(i^l)7*v;,)®((g)(Fi)*rA,), 

jei jei^ 
where / is some subset of [0 , n — 1] . Therefore, using this filtration, from the long exact 
sequence of cohomologies for the short exact sequence of vector bundles obtain from Eqn. 
(14.441) tensored with L~p"^ we conclude that if 

(4.45) H\Z, ((g)(Fi)7*K,) ® ((g)(i^i)7*X,) ® f*L-P"'-) = 
for all / C [0 , n — 1] , and 

(4.46) H\Z, f*L"'(p"-^)/(p-^) ® f*i-P"r^ = , 
then 

n-l 

H\z, ((g)(Fi)7*v;j ® rL-^"'-) = 0. 

j=0 

Take a nonnegative integer := A^(Vi, ■ ■ ■ ,Ve) satisfying the following conditions: 
(1) N ■ degree(L) > LmU^i) and ■ degree(L) > LmUVi) for all i G [1 ,£]; 
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(2) > ri + m, where ri is defined in Lemma [4. 71 and m is as in Eqn. fl4.43p . 
If r > N, tlien from tlie given condition > ri + m it follows that 

p"r - m(p" - l)/(p - 1) > ri . 
Therefore, Eqn. (14.461) follows from Lemma [4.71 provided r > N. 
To prove Eqn. f l4.45p . we note that 

+ J]i:max((Fi)7*(A,®i^-^)) + ^^^^^^-rp")degree(/) < ( ""^^"j^ -rp") degree (/) 

as I/max(^ ® L"''), Linax(-^j ® Iv"'') < for all i G (this is the first of the two 

conditions that define N). Therefore, as r(p"' — l)/{p— 1) < rp", we conclude that Eqn. 
(14.451) holds if r > A^. This completes the proof of the lemma. □ 

Proposition 4.10. Let X and L be as in Lemma \4.7\ There is an integer N such that 
for all r > N the following holds: 

H\Z,{F^y{F^)J-*L-P"'') = 

for all n > and all connected etale Galois cover f : Z — > X . 

Proof. Set E := {F^~^)^.Oz- Consider the filtration of subbundles of F^-Fz*-E constructed 
as in Eqn. (14.51) . Pulling this filtration back by F^~^ we get a filtration of subbundles of 

{Fr'rF*,Fz.E = {F^nF^),Oz 

whose each successive quotient is the subbundle 

{F^-'y{E^g,) c {F^-'YiE ®nf), 

where < i < (p — l)dim(X) and Qi is the vector bundle on Z defined in Proposition 

MS). 

In view of Lemma [4.61 and the fact that the connection on f*FxFx*Ox induced by the 
Cartier connection on F^Fx*Ox is taken to the Cartier connection on F^Fz^Oz by the 
isomorphism in Eqn. (14.161) (see the proof of Lemma [4. 6p . we conclude that Qi = f*Gf, 
where Qf C fif^* is the subbundle defined in Proposition 14.1( 3). Therefore, 
(4.47) 

{F^-'y{E^g,) = {{FryE)®{Fryf*gf = {{Fry{Fr\oz)®{Fr'rf*Qf. 

Repeating the above argument after replacing n by n — 1, for all i G [0 , (p— l)dim(X)] 
we get a filtration of subbundles of the vector bundle in Eqn. (I4.47P whose successive 
quotients are of the form 

{{Fry{Fr\Oz) ® {Fr^f-Gf ® iF^-'rf*gf , 

where < j < (p — l)dim(X). 

In fact, iterating the above argument we conclude the following: 
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To prove the proposition it is enough to show that there is an integer such that for 
any r > N, 

n-l 

(4.48) H\Z, {(^{F^zTrS^J ® rL-^"l = 

for all nonnegative integer n and all G [0 ,{p — l)dim(X)]. 

Setting i = {p— l)dim(X) + 1 and Vj = Qf^i in Lemma [4.91 we get an integer such 
that Eqn. (14.481) holds for all r > N. This completes the proof of the proposition. □ 

Proposition 4.11. Let X be an irreducible smooth projective variety of dimension d, 
with d > 3. Fix an ample line bundle L over X . There is an integer N = N{X,L) with 
the following property. Let f : Z — > X be a connected etale Galois cover and E an 
F-trivial vector bundle over Z . Then 

(1) H\Z, E^f*L-'-) = and 

(2) H\Z, E^Qz^ f*L-') = 

for all r > N. 

Proof. Take / and E as in the statement of the proposition. Let n be a positive integer 
such that the vector bundle {F^)*E is trivializable. To prove statement (1), let 

(4.49) ^ Oz ^ {F^)*Oz {Bn)z 

be the exact sequence of vector bundles over Z constructed as in Eqn. (14.141) . Consider the 
long exact sequence of cohomologies for the short exact sequence obtained by tensoring 
Eqn. (I4.49P with E ® f*L~''. From it we conclude that if 

(4.50) H%Z, {B^)z ® ^ ® f*L-') = 
and 

(4.51) H\Z, E (g) f*L-' (g) {F^).Oz) = , 

then H^{Z, E® f*L-'-) = 0. 

Using the projection formula and the fact that the Frobenius morphism Fz is flat we 
have 

H\Z, E ® f*L~^ ® iFS).Oz) = H\Z, {F^UF^nE ® f*L-''-)) 

= H\Z, {F^)*{E® f*L~')) = H\Z, ((F^)*E) ® /*L-P"'^) ^ H\Z, /^L"?'"'')®''^ , 

where te = rank(i?); recall that the vector bundle {F^)*E is trivializable. 

Lemma ST] says that H\Z, f*L~P"'^) = if > ri. Therefore, Eqn. (|43T|) holds if 
r > Ti, where Vi is given by Lemma [4. 7[ 

To prove Eqn. (I4.50p we first recall Eqn. (14.251) which says that 

Lma.xiiBn)z) < L^^.^^{{F'^) z) ■ 

Since L^i,^{E) = 0, this inequality gives 
(4.52) 

L^^,{{Bn)z®E®f*L-'') = L^ax((5„)z)-degree(/*L'^)<L^ax((Fz)*(^z)-degree(/*L'-) . 



FUNDAMENTAL GROUP SCHEME AND AMPLE HYPERSURFACE 33 

Corollary 14.41 implies that 

Lraa.yi{{Fz)*Oz) = -Z^max (/* (-^X ) • 

Hence from Proposition l4.2l we conclude that the right-hand side of Eqn. (I4.52p is negative 
if r > ri, where ri is given in Lemma [4 .71 

Consequently, Eqn. (14.501) holds for all r > ri. This completes the proof of statement 
(1) of the proposition. 

Statement (2) is proved in a similar way. 

Tensoring Eqn. (14.491) with E ® ® f*L~'^ and considering the corresponding long 
exact sequence of cohomologies we conclude that if 

(4.53) H\Z, {Bn)z ®E®nz® f*L-') = 
and 

(4.54) H\Z, E®nz® ri-'- ® (F^)*Oz) = , 
then H\Z, E®VLz® f*L-'') = 0. 

We have 

i^max((5n)z ® E ® ^z f* L-') = L^^,{{B„)z ®E® f*L-'') + L^^Vlz) 

= L^U{Bn)z ®E® ri-') + L^urnx) . 

We saw that Lmax((-Bn)z ® E ® f*L^'') < if r > ri. Therefore, 

{{Bn)z^E^Qz® fL-"-) < 
for all r > ri + Lmax(^x)/degree(L). Hence Eqn. (14.531) holds if 

r > ri + Lmax (fix) /degree (L) . 

As before, using the projection formula and the fact that the Frobenius morphism Ez 
is fiat we have 

H\Z, E^Qz® PL-'' ® {F^)*Oz) = H\Z, {F^^y{E ®nz® f*L~l) 

= H\z, {F^)*{nz® ri-'))®''^ = H\z, {F^yf*{nx®L-'')f'^. 

Now, Lemma 14.81 says that there is an integer A^' such that 

H\z, iF^ynnx0L-n) = 

for all r > N'. Therefore, Eqn. (I4.54p holds if r > A^'. 

Thus, statement (2) of the proposition holds if r > Max{A^', ri+Ljnax(fix/degree(L))}. 
This completes the proof of the proposition. □ 

Proposition 14.11( 2) will be very useful in Section [51 



Lemma 4.12. Let X and L be as in Proposition 4^.11. There is an integer N = N(X, L) 
with the following property. Let f : Z — > X he any connected etale Galois cover and E 
an F-trivial vector bundle over Z. Then 

H'^{Z, E® f*L-'') = 
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for all r > N. 

Proof. Take any / and E as in the statement of the lemma. Let n be an integer such that 
the vector bundle {F^)*E is trivializable. 

Let 

H\Z, {B^)z®E®rL-'') ^ H\Z,E^f*L-') H\Z, E ^ {{F^),Oz) ^ f*L-') 

be the exact sequence of cohomologies for the short exact sequence of vector bundles 
obtained by tensoring the exact sequence in Eqn. (14.491) with E ® f*L~^. Using this 
exact sequence it follows that if 

(4.55) H\Z, E ® {{F^).Oz) ® /*L-^) = 
and 

(4.56) H\Z, {Br,)z ® ^ ® f*L~') = , 

then H\Z, E ® f*L-') = 0. 

Using the projection formula and the fact that the Frobenius morphism Fz is fiat we 
have 

H\Z, E0{{F^),Oz)® f*L-') = H\Z, {F^)* {E ® f* L-')) = H\Z, f*L'P'''X"\ 

where te = rank(i?). Now, Lemma [4.71 says that H^{Z, f*i,-p"'^^ = if r > r2, where 
r2 is given by Lemma 14. 7[ 

Therefore, Eqn. fl4.55p holds if r > r2. 

To prove Eqn. f l4.56p . tensor the exact sequence in Eqn. (14.491) with (Bn) z ® E ^ f* 
and consider the corresponding long exact sequence of cohomologies. From it we conclude 
that Eqn. fICTD holds if 



(4.57) H°{Z, {Bn)z ® {Bn)z ® ^ ® f*L-'') = 
and 

(4.58) H\Z, {{F^).Oz) ® {Br,)z ®E® f*L-'') = . 
Note that 

(4.59) L^UiBn)z ® {Bn)z ®E0 f*L~') = 2L^ax((5„,)z) - r ■ degree(/*L) 
as L^^^{E) = and L^^^{{Bn)z ® (^rjz) = 2Lmax((5n)z)- 



Corollary 14.51 says that {Bn)z = f*Bn- Using Eqn. fl4.25p and Prop osit ion 14 . 2 1 we know 
that 

LmUBn) < M, 

where M is given in Proposition 14. 2[ In other words, 

2Linax(5n) " T ■ degree(L) < 
if r > 2M/degree(L). Since {Bn)z = f*Bn, this implies that 

2L„,ax((5„)z) - r ■ degree(/*L) < 

if r > 2M/degree(L). 
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Therefore, using Eqn. fl4.59p we conclude that Eqn. (14.571) holds if r > 2M/degree(L). 

To prove Eqn. (14.581) . first note that using projection formula and the fact that {F'^)*E 
is trivializable we have 

H\Z, {{F^),Oz)^{Bn)z®E®rL-'^) = H\Z, {F^),{F^y{{Br.)z ^ E ^ fL-"^)) 

= H\Z, {F^y{{B^)z®E®rL-^)) = H\Z, {F^y{{B^)z®rL-^)r, 
where te = rank(£'). Therefore, Eqn. (14.581) holds if 

(4.60) H\Z, {F^r{{B^)z ® ri-')) = . 

Tensor the exact sequence in Eqn. (I4.49P with f*L^^' and then pull it back by F^. 
Consider the long exact sequence of cohomologies 

(4.61) _ H\Z, {F^^n{{F^),Oz) ® ri-^)) ^ H\Z, (F^)*((i?„)z ® fL-^)) 

— y H\Z, {F^yf*L~'-) — > 
corresponding to the resulting exact sequence of vector bundles. 
Using projection formula we have 

(F^)*(((F^),o^)®rL-') = {F^^riF^uF^rrL-^- = {F^r{F^)j*L~^"\ 

Therefore, from Proposition 14. lOl we conclude that there is an integer A^' such that 
H\Z, (F|)*(((F|),O^)®rL"0) = H\Z, {F^y{F^)J*L'^"^) = 

if r > A^'. In view of this, using Lemma [4.71 from Eqn. (I4.6ip we conclude that there is 
an integer A^" such that Eqn. (14.601) holds if r > A^". This completes the proof of the 
proposition. □ 

Proposition 4.13. Let X be an irreducible smooth projective variety of dimension d, 
with d > 3. Fix an ample line bundle L over X . There is an integer N = N{X,L) with 
the following property. Let f : Z — > X be a connected etale Galois cover and E an 
F-trivial vector bundle over Z . Then for any smooth divisor D G \L^\ with r > N, 

H\f-\D), (E|^-i(z,))®Ar;_,(^)) = 0, 
where Nf-i(^£,^ is the normal bundle of the hypersurface f^^{D). 



Proof. Consider the exact sequence of sheaves 



— > E®Oz{-2f-\D)) E®Oz{-f-\D)) ^ {E\f-.,D)) ® N} 



over Z. Let 

(4.62) H\Z, E ® Oz{-f-\D))) H\f-\D), (i?|/-i(^)) ® Ar;_,(^)) 

— . H\Z,E0Ozi-2f-\D))) 
be the long exact sequence of cohomologies corresponding to it. 
Proposition 14 . 1 1 ( 1 ) says that there is an integer A^' such that 

H\Z,E0Ozi-f-\D))) = 
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for all r > A^'. Therefore, using Lemma [4.121 from Eqn. fl4.62p we conclude that there is 
an integer such that 

H\f-\D), (i?|^-i(z,))®iV;-.(^)) = 
for all r > N. This completes the proof of the proposition. □ 



5. INJECTIVITY of HOMOMORPHISM of FUNDAMENTAL GROUP SCHEMES 

As before, let X be a smooth projective variety defined over an algebraically closed 
field k of characteristic p, with p > 0. Let L be an ample line bundle over X. 

Theorem 5.1. Assume that dimX > 3. There is an integer = d{X,L) with the 
following property. Let D G |L®°'| be a smooth divisor, where d > d^. Let xq he any 
k -rational point of D. Then the homomorphism between fundamental group schemes 

7r{D,xo) — > n{X,xo) 

induced by the inclusion map D ^ X is a closed immersion. 

Proof. We will use the criterion given in Proposition 13.4( 2) for a homomorphism to be a 
closed immersion. 

Let 

(5.1) D G IL^'^I 

be a smooth divisor. Let E be an essentially finite vector bundle over D. Using Proposition 
13.4( 2). to prove the theorem it suffices to show the following: 

If > do, then there is an essentially finite vector bundle V over X whose restriction 
V\d to D is isomorphic to E. 

Take any essentially finite vector bundle E over D. Let 

(5.2) f^,D^D 

be a connected etale Galois covering such that f^E is an F-trivial vector bundle over D 
(see Definition 12. II for F-trivial vector bundles). 

As dimX > 3 with D ample, from Grothendieck's Lefschetz theory we know that the 
inclusion oi D m X induces an isomorphism of etale fundamental groups |Grt page 123, 
Theoreme 3.10], |Hal page 177, Corollary 2.2]. Therefore, there is a unique (up to an 
isomorphism) connected etale Galois covering 

(5.3) f ■ Z X 
and an isomorphism 

(5.4) a:b^ f-\D) 

such that /d = / o a, where fo is the covering morphism in Eqn. (15. 2p . 
Let 



(5.5) 
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be the Frobenius morphism of the variety D. Since f'^E is an F-trivial vector bun- 
dle, there is a nonnegative integer m such that the vector bundle {F~^)*f^E over D is 
trivializable. As done in the proof of Theorem 13.51 we will employ induction on m. 

First assume that m = 0, in other words, the vector bundle f^E itself is trivializable. 
As > d'f), the inclusion map D X gives an isomorphism of etale fundamental 
groups. Since f^E is trivializable, this implies that there is a vector bundle V over 
X whose restriction V\d is isomorphic to E, and furthermore, the vector bundle f*V 
is trivializable, where / is the morphism in Eqn. (15. 3p . In particular, the criterion in 
Proposition 13.4( 2) is valid if m = 0. 

We assume that E extends to an essentially finite vector bundle over X provided m < 
no — 1. We will show that E extends to an essentially finite vector bundle over X if 
m = no. 

Let E be an essentially finite vector bundle over D with m = n^. Consider the vector 
bundle F'^E over D, where Fo : D — > D is the Frobenius morphism. Since 

(5.6) = F*~r^E 

over Z), where fo is the morphism in Eqn. (15. 2p and is defined in Eqn. (15. 5p . 
we conclude that the vector bundle (F~°~^)*/^F5F is isomorphic to {F~°)*f^E. Hence 
{F^~^y f^F^E is trivializable. Therefore, by the induction hypothesis, the vector bundle 
F'^E extends to X as an essentially finite vector bundle. 

Let V' be an essentially finite vector bundle over X such that V'\d = F^E. Fix an 
isomorphism of V'ln with F^E. Let 

(5.7) := rV 

be the essentially finite vector bundle over Z, where / is the morphism in Eqn. (15. 3p . 
Henceforth, we will assume that d > pLmax(^x) /degree (L). 

We will identify D with f~^{D) using a in Eqn. (15. 4p . In view of the above assumption 
on d and Eqn. (I3.20p . from Theorem [33] it follows that the homomorphism of fundamental 
group schemes 

(5.8) vr(_D,Xo) — > Tr{Z,Xo) 

induced by the inclusion map D "—>■ Z is surjective, where xq is any fc-rational point 
of D. Note that using Eqn. (15.60 . Eqn. (15. 7p and the identity l o = Fz o l, where 
L : D — y Z is the inclusion map and Fz is the Frobenius morphism of Z, we have 

((F^°-i)*\/i)i5 = {F^'>-'n{rv')\^) = {F^°~'r r^F*^E = {F-^rrnE. 

Hence ((F^""^)*^!)!^ is trivializable as {F^")* f*^E is so (by assumption on F). Therefore, 
from the fact that the homomorphism in Eqn. (15.80 is surjective it follows immediately 
that the vector bundle (F^«"^)*Vi over Z is trivializable. 

Using the isomorphism in Eqn. (15. 6p . the Cartier connection on F'-f^E induces a 
connection on the vector bundle f^F^E. This induced connection on f'^F^E will also 
be called the Cartier connection. Let denote the Cartier connection on f^F^E. This 
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connection coincides with the pull back, by fn, of the Cartier connection on F^E. 
Indeed, this follows from the fact that the Cartier connection is compatible with the pull 
back operation. 

We will show that extends to a connection on the vector bundle Vi defined in Eqn. 
(I5.7p . For that we will first show that Vi admits a connection. 

We recall from [At] that a connection on Vi is a splitting of the Atiyah exact sequence 
— > EndiVi) — > kiiVi) — > TZ — > 0. 

Let 

(5.9) diVi) G H\Z, £nd{yi)®Vlz) 

be the obstruction class for the existence of a splitting of the Atiyah exact sequence. This 
obstruction class is also called the Atiyah class of Vi. 

Let 

(5.10) r : H\Z, Snd{Vi) ® Qz) — ^ H\D, {Snd{Vi) ® Qz)\d) 

be the homomorphism induced by the inclusion map D ^ Z. For notational convenience, 
the vector bundle f})F^E = Vi|^ over D will be denoted by Ei. Let 

(5.11) r : H\D, {Snd{Vi) ^ nz)]^) — > H\D, £nd{Ei)®n^) 
be the homomorphism obtained from the natural projection 

From general properties of the Atiyah class it follows that 

c{Ei) := T'oT^eiVi)) e H\D, £nd{Ei)®n^) 

is the Atiyah class for Ei where OiVi), t and r' are defined in Eqn. (15. 9p . Eqn. fl5.10p and 
Eqn. (15.111) respectively. Since Ei admits the Cartier connection V'^, the Atiyah class 
c{Ei) vanishes. 

Since r' o r(6'(V^i)) = c{Ei) = 0, we conclude that 6'(Vi) = if both the homomor- 
phisms T and r' are inject ive. 

Consider the long exact sequence of cohomologies 
H\Z, Snd{Vi)®nz{-D)) — > H\Z, Snd{Vi)®nz) ^ H\D, £nd{E{) ® {yiz\^)) 
corresponding to the short exact sequence of sheaves 

(5.12) — > Snd{Vi)(^VLz{-D) — ^ 8nd{Vi)®VLz — > £nd{Ei) (^^zl5) — > 0. 

Using it together with Proposition l4.11( 2). which says that there exists an integer N{X, L) 
such that 

(5.13) H\Z, Snd{Vi)®nz{-D)) = 

if r > N{X,L), we conclude that the homomorphism r in Eqn. (15.101) is injective if 
r > N{X,L) . 
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To prove that r' is injective, consider the long exact sequence of cohomologies 
H\D, Snd{Ei) ® N*~) — > H\D, Snd{Ei) ® (fizb)) ^ H\D, Snd{Ei) ® Vl^) 
corresponding to the short exact sequence of sheaves 

(5.14) — > £nd{Ei)0N*^ — > Snd{Ei) ® (l^zl^) — > Snd{Ei)(^VL^ — > 0, 

where Nf^ as before is the normal bundle to the divisor D. Using it together with Propo- 
sition |4]T3l which says that there exists some integer N'{X,L) such that 

(5.15) H\D, Snd{Ei) N*~) = 

if r > N'{X, L), we conclude that r' defined in Eqn. (15. lip is also injective. 
Henceforth, we will assume that r > N{X, L), N'{X, L). 

Since both r and r' are injective and r'or(^^(Vi)) = c{Ei) = 0, the Atiyah class OiVi) 
defined in Eqn. (15.91) vanishes. In other words, the vector bundle Vi admits a connection. 

We will now show that Vi admits a connection that restricts to the Cartier connection 
on Vi\^ = El. 

Let V^^ be a connection on Vi. Let denote the connection on _Ei = Vi\g induced by 
this connection V^^ . On the other hand, the vector bundle Ei has the Cartier connection 
V^. Therefore, we have 

(5.16) 7(V^) := - G H^{D, Snd{Ei) ® %) . 

Consider the long exact sequence of cohomologies 

H\Z, Snd{Vi)®nz) ^ H\D, £nd{E{) ® (fizl^)) — > H\Z, EndiVi) ® Vlz{-D)) 

corresponding to the exact sequence in Eqn. (I5.12p . In view of Eqn. (I5.13p . it follows 
from this long exact sequence that the restriction homomorphism 

(5.17) To : H\Z, SndiVi) ® Vtz) ^ H\b, Snd{Ei) ® {Qzls)) 
is surjective. 

Similarly, using Eqn. (I5.15P and the long exact sequence of cohomologies 

(5.18) H^{D, Snd{Ei)(^{nz\^)) H%D, £nd{E{)®Vl^) — > H\D, £nd{E{)®N*~) 

corresponding to the exact sequence in Eqn. (15.140 we conclude that the above homo- 
morphism Tq is surjective. Therefore, the composition homomorphism 

(5.19) t'^otq : H^{Z, SndiVi) ® Viz) — > H^{D, £nd{E{) ® %) 

is surjective, where tq and Tq are defined in Eqn. (I5.17P and Eqn. (I5.18P respectively. 
Fix any 

(5.20) /? G H^{Z, £nd{yi)(^Vtz) 
such that 

(5.21) r^oro(/3) = ^{W^) , 
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where the section 7(V^) is constructed in Eqn. fl5.16p and Tq o tq is the surjective homo- 
morphism constructed in Eqn. fl5.19p . 

Let 

(5.22) V' := V^^ + (3 

be the connection on Vi, where f3 is defined in Eqn. f l5.20p and V^^ is the earher mentioned 
connection on Vi (recall that V^^ restricts to on D). Since is the restriction of V^^ 
to D, from Eqn. fl5.2ip it follows immediately that the restriction of the connection V' 
(defined in Eqn. fl5.22p ) to D coincides with the Cartier connection on Ei. 

Let r = Gal(/) be the Galois group for the covering / defined in Eqn. (15. 3p . The 
vector bundle Vi in Eqn. (15. 7p . being a pull back by /, is equipped with an action of F. 

For any g G Gal(/) the connection (7*V' is another connection on Vi. Since the space 
of all connections on Vi is an affine space for the vector space H^{Z, Snd{Vi) ^ ^z), we 
conclude that g*V - V is an element of H°{Z, SndiVi) (g) Qz)- 

We showed J;hat the restriction of the connection V to D coincides with the Cartier 
connection V^. On the other hand, the Cartier connection is invariant under the 
action of 

Galifo) = Gal(/) = F 

on El. Therefore, the element 

g*^' - V' G H\Z, Snd{Vi) ® nz) 
is in the kernel of the homomorphism 

To o To : H°{Z, Snd{Vi) ® ^z) — > H\D, Snd{Ei) ® , 

where Tq o tq is the homomorphism in Eqn. (I5.19p . This homomorphism Tq o tq coincides 
with the composition of the homomorphism in Eqn. (I3.2ip with the homomorphism (3 in 
Eqn. (I3.23P with the substitution E' = Vi = V. In the proof of Theorem 13.51 we saw 
that the homomorphism in Eqn. (I3.2ip and the homomorphism /3 in Eqn. (13.231) are both 
injective. Therefore, the homomorphism Tq o tq is also injective. We showed above that 

rooro{g*V-V) = 0. 

Consequently, g*V = V. 

Hence we have proved that the connection V on Vi is preserved by the action of F 
on Vi- Therefore, it descends to a connection on the vector bundle V over X (see Eqn. 
(15. 7p ). Let V denote the connection on V given by V. Therefore, we have 

(5.23) v = rv. 

Moreover, it follows that the restriction to the divisor D of the connection V on V 
coincides with the Cartier connection on F^E (recall that V'\d = F^E). Indeed, this is 
a consequence of the fact that the restriction of the connection V' to D coincides with 
the Cartier connection V^. 

We will now show that the p-curvature of V vanishes (see |Kal page 190, (5.0.4)] for 
the definition of p-curvature of a connection). 
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Let 

(5.24) G H^{X, Snd{V') ® FJ^x) 

be the p-curvature of the connection V on V in Eqn. fl5.23l) . Let 

5 : H\X, £nd(y') ® F*xVLx) — > H\D, {SndiV') ® F*ijVLx)\d) 
be the restriction homomorphism. In view of our assumption that 

d > p- Lmax(^^x)/degree(L) , 
from the second part of the Lemma 13.21 we know that 

Snd{V') (g) {F;.nx){-D)) = 0. 
Hence the above homomorphism a is injective. Let 

(5.25) /5 : H\D, {Snd{V') ® Fi^^x)b) ^ H\D, Snd{V'\D) ® F*^Qd) 
be the homomorphism induced by the natural projection Qx\d — ^ ^d- Since 

iJ°(D, Snd{V'\D) ® F^N*o) = 

(see the second part of Lemma [3.3p . from the left exact sequence of global sections for 
the short exact sequence of sheaves 

— > £nd{y'\D)®F*oN*o — > {£nd{y')®F*xVlx)\D — > EndiV'^) ® F^^VId — > 

it follows that the homomorphism (3 defined in Eqn. ( 15.25^ is injective. 

Since the p-curvature of any Cartier connection vanishes, and the restriction to D of 
the connection V coincides with the Cartier connection on F^E, we have 

^o5(^(V)) = 0, 

where V'(V) is the p-curvature in Eqn. (15.241) . As both a and f3 are injective homomor- 
phisms, this implies that ^(V) = 0. 

Since the p-curvature of V vanishes, there is a vector bundle W over X such that F^W 
equipped with the Cartier connection is identified with the vector bundle V equipped with 
the connection V [Kal page 190, Theorem 5.1.1]. 

Since the restriction of V to D coincides with the Cartier connection on F^E, the 
isomorphism of {FxW)\d with V'\d is the pull back, by the Frobenius morphism Fd, of 
an isomorphism of E with W\d- Since FxW = V is an essentially finite vector bundle, 
it follows that the vector bundle W is also essentially finite (this was noted in the proof 
of Theorem 13. 5p . 

Therefore, using induction, any essentially finite vector bundle over D extends to X as 
an essentially finite vector bundle. Using Proposition 13.4( 2) this completes the proof of 
the theorem. □ 

Using the proof of Theorem 15.11 we have the following corollary: 

Corollary 5.2. Let D be a smooth hypersurface in the projective space F^, with n > 3. 
Then the fundamental group scheme 7t{D,xo) is trivial. 
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Proof. We will follow the steps of the proof of Theorem 15.11 

Take any smooth hypersurface D of P^. Since the etale fundamental group of D is 
trivial, we have Z = and / to be the identity map of P^. Next we note that the 
fundamental group scheme of P^ is trivial (see the corollary in }No2l page 93] following 



the proof of Proposition 9). In other words, any essentially finite vector bundle over P^ 
is a trivializable vector bundle. Next we note that the cotangent bundle f2pjj is strongly 
semistable. This can be proved using the facts that the tangent bundle Tpn is globally 
generated and Aut(P^) acts irreducibly on if°(P'^, Tpi). 

In particular, 

n 

Using the above observations in the proof of Theorem 15.11 we conclude that the proof 
of the corollary will be complete once we establish the following two assertions: 

(5.26) H\¥l fipn(-D)) = 
and 

(5.27) H\D, N^) = 0. 

Note that these two correspond to Eqn. (15.131) and Eqn. (15.151) respectively. 
Since n > 3, we have 

for all S. Therefore, Eqn. (15.261) follows from the long exact sequence of cohomologies for 
the short exact sequence of vector bundles 

> ^]pn(-D) > Opn(-l)(-D)®(" + ^) > Opn{-D) > 

obtained from the Euler sequence. 

Similarly, Eqn. (I5.27P follows from the long exact sequence of cohomologies for the 
short exact sequence 

, Opn{-2D) > Opn{-D) > N}) — > 0. 

This completes the proof of the corollary. □ 

Remark 5.3. The integer do in Theorem 15.11 can be taken to be any integer satisfying 
the following conditions. 

(1) do > p-ri, where ri is defined in Lemma [4. 7[ 

(2) do > N{Bi), where Bi is defined in Eqn. (I4.14p . and A^(^) of a vector bundle V 
is defined in the proof of Lemma 14. 8[ 

(3) c/q > N{Qi,--- ,G{p-i)dim{x)), where Qi are defined in Proposition 14.1( 3) and 
N{Gi, ■ ■ ■ , G'(p-i)dim{x)) is defined in the proof of Lemma 
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